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Abstract 

We study the locahzation property of antisymmetric tensor fields in the locahy lo- 
cahzed gravity models. It is shown that all the antisymmetric tensor fields, including 
the vector field, in a bulk space-time are trapped on an AdS brane by a gravitational 
interaction where the presence of the brane cosmological constant plays an important 
role as in the cases of the other bulk fields. The normalized zero-modes spread rather 
widely in extra space so small extra dimensions might be needed in order not to confiict 
with experiment. 
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There has been a great deal of excitement recently over an alternative compactification 
scenario of space-time, where our four dimensional world emerges as a topological defect, a 
3-brane, in a higher dimensional space-time (This model was generalized to the case 

of many branes in Ref. 0.) In such 'brane world' models, it is sometimes supposed that all 
the familiar matter and gauge fields are constrained to live on the brane, whereas gravity is 
free to propagate in the whole space-time. However, this treatment is not democratic at all 
as long as we do not have any reasonable mechanism of confinement of the matter and gauge 
fields on the brane. Thus, we should take account of all the local fields as bulk fields in the 
'brane world' models. 

In particular, one crux in the original Randall- Sundrum model is then how to localize 
the bulk gauge fields on a brane by a gravitational interaction. It is well known that in the 
Randall- Sundrum model the photon and the Kalb-Ramond field cannot be localized on the 
brane § g i. 

Recently, in Refs. 0, ^ we have developed a new mechanism for the localization of the 



bulk fields on the brane in the locally localized gravity models y, |T0|, |TT], |T2|, ITSf. In this 
mechanism, the presence of the brane cosmological constant plays a crucial role. 

The aim of this paper is to study the localization property of the bulk antisymmetric 
tensor fields in the locally localized gravity models in detail. In previous works [0, §], the 
antisymmetric tensor fields were not considered explicitly. But if we regard the models at 
hand as coming from superstring theory a bunch of antisymmetric tensor fields are expected 
to emerge in the low energy field theory so it is of importance to give a full analysis for the 
bulk antisymmetric tensor fields. Indeed, D-branes, in which D3 brane is one of candidates as 



our world, carry the nontrivial charges of the R-R antisymmetric tensor fields . Moreover, 
it is pointed out that a brane with the charge of an antisymmetric tensor field might be stable 
owing to the charge conservation law K 



First, we shall start with a locally localized gravity model by Karch and Randall in five 



dimensions JlOl]- Unlike their paper, we shall make use of the formulation adopted in our 
previous paper [§] since not only the translation to the Karch-Randall formulation but also 
the generalization to higher dimensions are straightforward. The metric ansatz we take is of 
the form P|: 

ds^g) = QMNdx^ dx^ 

= e-^^'^g^.^dx^'dx'' + dz^), (1) 

where M,N, ... denote five-dimensional space-time indices and /i, z^, ...four-dimensional brane 
ones. The metric over the brane g^u denotes the four-dimensional anti-de Sitter metric. 
Moreover, e~^^''\ e""^*-^-* and the relation between the 'radial' r-coordinates and the 'conformal' 
z-coordinates are given by 

1 



-A{z) 



■ 2 ' 

sm ujz 



1 



= tan (2) 

where io denotes with A being the negative bulk cosmological constant. The brane 

cosmological constant AAds is then expressed in terms of the bulk cosmological constant A 
via Aacis = ^A. In other words, this model describes an AdS^ brane sitting at the origin r = 
in AdSr,. Notice that since the 'radial' coordinate r runs from to 00, this relation yields the 
range of z, which is ^ < z < -. 

In what follows, we shall consider from a 0-form potential, i.e., a massless real scalar field, 
to a 3-form potential in five dimensions. A 4-form potential is non-dynamical field, for which 
we shall not take into consideration. The action of a 0-form potential $ is given by 

S^ = -\j d'xy^g^'^'^'FM.FN, , (3) 
where Fm = Om^- The equation of motion becomes 

9m,(v^/'^^^F^J=0. (4) 
Let us look for a solution with the form of 

^{x^'^) = <f){x^')u{z), (5) 

where we assume the equation of motion for the brane field V'^ffj, = with being = 9^0. 
With the ansatz (||), Eq. (^) reduces to a single differential equation for u{z): 

d, (e-i^(^)a,w) = 0. (6) 

The general solution is easily found to be 

u(z) = cosu;2;(sin^ u;^; + 2) + /3, (7) 

3a; 

where a, (3 are integration constants. 

Plugging the form of a solution (1^) into the starting action, the action can be cast to 
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Provided that the general solution is inserted to this action, it turns out that the integral 

h = r dze-l^'^'^u^z) (9) 
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is in general divergent, but only when /3 = — |^ it becomes strictly finite. Then, the zero-mode 
u{z) and Ii are respectively given by 
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u(z) = — — cosu;2;(sin^ + 2) + 2 
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The fact that Ji is finite shows that a 0-form potential in a bulk is trapped on an ^^5*4 brane 
by a gravitational interaction. 

After evaluating the second integral over 2; in (Pf), we obtain 
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To make the kinetic term take a canonical form, let us redefine the field as 
d). Then, we have 
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Since the brane cosmological constant ^Ads is required to be tiny in order to make contact 
with observations, the mass of a scalar field on a brane must be very small. 

At this stage, let us examine the zero mode u{z) in more detail. First, note that u{z) in (p!0D 
satisfies the Dirichlet boundary condition at 2; = ^ where it is known that the gravitational 
potential becomes infinity ||T^. Second, we see that the normalized wave function in the (Jmn 
space takes the form 
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where Eq. (g) was utilized and the last expression holds for r 1. Eq. ([T3| ) implies that the 
wave function is localized near the origin r = 0. However, there is a caveat. Because of a; -C 1 
this wave function spreads rather widely in a bulk space, so we might require the extra space 
to be small enough to be consistent with observations. This 'small extra dimensions' scenario 
might shed light on the conventional Kaluza-Klein compactification idea. Namely, in the 
model at hand the size of extra dimension is dependent on the size of the brane cosmological 



3 



constant. As is well known that observations suggest a very tiny cosmo logical constant, extra 
dimension should be very small. At present it is not clear whether this new scenario is really a 
viable one, but it is of interest to note that the size of extra space is determined by that of the 
cosmological constant on our brane. As a final remark, it is known that traceless, transverse 
graviton modes in general obey the same equations of motion as a massless scalar field in a 
curved background. Therefore, the present result tells us that the graviton is also trapped on 
an AdS^ brane. 

Next, we shall turn to a 1-form potential, that is, the massless U{1) gauge field The 
path of arguments is very similar to the case of a 0-form potential. The action is 
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where Fj 
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OmAj^ — dj\fAM- The equations of motion become 
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After taking the gauge condition Az^x'^'^) = 0, we search for a solution with the form of 

A^ix'') = a^ix'')u{z), (16) 

where we assume the equations of motion on a brane V'^a^ = ffj,y = with the definition 
of ffiu = d^tti, — dya^j,. With this ansatz, Eq. ( [T3| ) also reduces to a single differential equation 
for u{z): 



0, 



(17) 



whose general solution is given by 



a 



uiz) = coscj^ + Z?, (18) 

UJ 

where a, /3 are integration constants. 

Plugging this solution into the classical action (p!4D, selecting (3 = which gives rise to 
only the finite kinetic term, and evaluating the integrals over z, the action takes the form 
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Redefining -^^—1 + 2 log 2a ^ — > a^, the above action can be rewritten as 
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As stressed in Ref. the massless condition of ^photon'' on a brane forces us to choose co" ~ 
as expected from a small value of the cosmological constant. 

Let us study the zero-mode u{z). With a specific choice (3 = — ^, u{z) becomes 

u{z) = cos -ooz, (21) 

LO 2 

which also satisfies the Dirichlet boundary condition at 2; = ^ 0) HI- And the normalized 
wave function is calculated as 

u(z) = ^e~^^('^)M(2;) 



u cos UIZ + 1 

-1 + 2 log 2 (sinu;^)^ 



2uj 
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(22) 

V-l + 21og2 ' ^ ' 

where this time /i = ^(—1 + 2 log 2) and the last expression also holds for r ^ 1. Eq. (p2D 
again means that the wave function is localized near the origin r = but spreads rather widely 
in a bulk space. It is remarkable that both the 0-form potential and the 1-form potential share 
the same features and demand the 'small extra dimensions' scenario. Incidentally, u{z) in (p!3D 
and (|2^) also satisfies the Dirichlet boundary condition at z = ^. 

We are now ready to consider a 2-form potential, in other words, the Kalb-Ramond field. 
In five dimensions, the 2-form potential is dual to the 1-form potential, so it is expected that 
the 2-form potential is also trapped on a brane as in the 1-form one. Below we shall explicitly 
show that this is indeed the case. The arguments proceed in the same way as in the 0-form 
and 1-form potentials. The classical action is given by 

^2 — -— J a xy'-gg g g r MiMiAh-r NiNiNs, [26) 
where Fmnp = <id[M^NP] = Qm^np + QnApm + QpAmn- The equations of motion are 

OMx\\/—gg g g ^niN2N3)—^- [^^) 

The action (^) has the following gauge symmetries and the first-stage off-shell reducible 
symmetry [|T6| 

S£m = dM£, (25) 

so we can take the gauge conditions Amz = 0. (Note that the number of degrees of freedom 
associated with the symmetries (^) is 5 — 1 = 4, which exactly coincides with the number of 
gauge conditions Amz = 0.) The natural ansatz for a solution is 

A^^x^) = a^,{x^)uiz), (26) 



5 



where the equations on a brane V^a^u = f^yp = with the definition of f^^up = 'idy^a^p] are 
imposed. With this ansatz, Eq. p^ ) also reduces to a single differential equation for u{z): 

dz (e^^^'^d.u) = 0. (27) 



At this stage, notice the similarity of this equation to the other cases treated thus far. 
Given a p-form potential, the corresponding equation generally takes the form 

= 0. (28) 



a.(e 



This regularity stems from the number of g^^^ in the equations of motion, or equivalently 
in the action. In the 2-form potential, compared to the lower form potentials, one notable 
change has happened. Namely, the sign of the coefficient in front of A{z) in the exponential 
has become positive in the present case, while negative in 0-form and 1-form potentials. Due 
to this change, it turns out that we cannot find a normalizable zero-mode u{z) with the 
nontrivial dependence of a fifth dimension z. The only normalizable zero-mode is given by 
the constant mode: 

u{z) = uq = const. (29) 
Substituting this solution into the action (^), the action reduces to the form 

4°^ = / d'x^gg^^''^r''''r''''U^,.,Ju,u,us (30) 

Note that the constancy of the zero-mode leads to the vanishing mass term. 

It is natural to ask ourselves if there is a critical difference between a p-form and its dual 
(3-p)-form. For instance, at first sight, the form of the zero-mode u{z) appears to be different 
between the two forms. But this is an illusion. Actually, it is the normalized zero-mode that 
we should pay attention. In the case at hand, it is given by 

u{z) = --^e3^*^^)ii(2) 



\/uj{smuz) 2 
V2uj 



2u;e-^'^', (31) 

where L is defined as — . As before, this normalized wave function indeed satisfies the 
Dirichlet boundary condition aX z = ^ and has an exponentially decreasing form for r ^ 1. 

The remaining form is a 3-form potential, for which we shall now study. The result is very 
similar to the case of a 2-form potential, so we shall touch on this case. The classical action 
of the 3-form potential is 
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where Fmnpq = 4:d[MANPQ] = OmAmpq - OnAmpq + OpAmnq - OqAmnp- The equations 
of motion are then 



OMiW-99 9 9 9 rN-i^N2NaN4) — (J- [06) 

Taking the gauge conditions Amnz = 00, and the ansatz 

Af,,p{x^') = a^,p{x^)u{z), (34) 

with the equations on a brane V^a^^p = S/^fpupa = where /^^po- = 45[^a,ypo-], Eq. (|33D 
becomes 

(et^(^)a,M) = 0. (35) 



As a normahzable solution, we also have to select the solution (p9D , from which the classical 
action can be written as 

A8 3 00 J ^ //ilM2/i3M4M!^2I'3i'4- 

Then the normalized wave function is of form 

u(z) = 




^ yl2ZJe-2^^ (37) 

Again, this normalized wave function indeed satisfies the Dirichlet boundary condition at 
z = ^ and has an exponentially decreasing form r ^ 1. 

Thus far, we have studied p-form potentials {p = 0,1,2,3) in five dimensions. This 
analysis can be extended to p-form potentials in higher dimensions in a perfectly analogous 
manner. Recently, we have constructed locally localized gravity models in higher dimensions 
where it has been pointed out that there is a nontrivial higher-dimensional extension of 
Karch-Randall model |jlO[ . (There is also a trivial extention of Karch- Randall model in higher 



dimensions, where the physical features of the brane is the same as the Karch-Randall model 
so we will not consider the trivial extension in this paper.) In the nontrivial model, an AdS4^ 
brane is located at the origin r = in a general D-dimensional space-time with negative 
cosmological constant. The line element has the following form in the 'radial' r-coordinates 
and the 'conformal' 2;-coordinates 

= e-^^'^^gp.dx^dx" + dr^ + Rle-^^'^d^l^^ 

= e-^'-'^gp^dx^'dx" + dz'^ + Rldnl_^), (38) 



^These gauge conditions fix gauge symmetries, Ist-stage, and 2nd-stage reducible symmetries which 
are given by SAmnp = d[M£NP],SeMN = d[M£N\-,5eM = 9a/£- 
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where e""^^*"^ and e~^^^^ are given in Eq. (^). Here co, Rq, and the brane cosmological constant 
A^ds are expressed in terms of the bulk cosmological constant A and the vacuum expectation 
value f] of scalar fields as follows: 



-2A 



(D- !)(/}- 2) 



AAds = -^n^^ (39) 

where n and k,£, denote the number of extra dimensions and the D-dimensional gravitational 
constant, respectively. 

In particular, we have studied the localization property of p-form potentials in the case 
of D = 6,n = 2, that is, a string-like defect model 0. (Note that the analysis becomes 
more complicated as the number of D gets large.) The results are very similar to the case of 
an AdSii^ brane in AdS^ as shown so far, so we will not expose the detailed calculations any 
longer. The only difference we should mention occurs in the case of a 2-form, which is self-dual 
in six dimensions. Actually, provided that we start with the action (EBI) in six dimensions 



and assume a simple form of a solution A^[x ) = a^{x )u{z)v{6), A-^^x ) = Aq^x ) = 



where 6* is a sixth dimension denoting the angular variable in extra space, Eq. (|27|) is changed 
to diu = where we have considered the zero angular momentum, that is, OqV = 0, for 
simplicity. Note that owing to the self-duality the exponential factor including A{z) has 
disappeared. The normalizable solution is given by u{z) = uq. Then, the normalized wave 
function becomes u{z) = so it neither satisfies the Dirichlet boundary condition at 

z = ^ nor has an exponential damping factor. However, there is a loophole in this argument. 
It is well known that there does not exist a covariant action for the self-dual 2-form in six 
dimensions |]T^, so we cannot start with the action ( p3D in the case at hand. In other words. 



we cannot deal with the self-dual forms within the present approach. 

In conclusion, we have studied the localization property of p-form potentials on an AdS^ 
brane in the locally localized gravity models. Although we have shown that all the p-form 
potentials are trapped on the brane, the corresponding wave functions spread rather widely in 
a bulk space-time when the brane cosmological constant is small. This fact seems to suggest 
that extra space is small enough not to conflict with observations. It is of interest that the 
size of extra dimensions is related to that of the cosmological constant. This might shed new 
light on both the cosmological constant problem and the compactification scenario. 
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